The cascade of energy in turbulent flows, i.e., the transfer of kinetic energy from large to small flow motions (forward cascade) or vice versa (backward cascade), is the cornerstone of most theories and models of turbulence since the 1940s. Yet, understanding the spatial organization of kinetic energy transfer remains an outstanding challenge. Particularly interesting is the energy cascade when turbulence is subjected to a mean shear, which is the most relevant case from the engineering and geophysical viewpoints. Here, we unveil the three-dimensional structure of the energy cascade at different scales using numerical data of shear turbulence. We show that forward and backward cascades are paired side-by-side in the spanwise direction and that this organization is self-similar across the flow scales. We further establish that the characteristic flow structure associated with the energy transfer is an inverted hairpin followed by an upright hairpin. The asymmetry between the forward and backward cascade arises from the opposite flow circulation within the hairpins, which triggers reversed patterns in the flow. These results offer the most complete characterization of the flow structure surrounding the cascading process to date.
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Turbulence exhibits a wide range of flow scales, whose interactions are far from understood 6 .
These interactions are responsible for the cascading of kinetic energy from large eddies to the smallest eddies, where the energy is finally dissipated 3, 20, 33 . Given the ubiquity of turbulence, a deeper understanding of the energy transfer among the flow scales would enable significant progress to be made across various fields ranging from combustion 37 , meteorology 4 , and astrophysics 39 to engineering applications of external aerodynamics and hydrodynamics 15, 21, 26, 35 . In the vast majority of real-world scenarios, turbulence is accompanied by an abrupt drop in the mean velocity (or shear) due to the friction induced by bounding surfaces. These friction losses are responsible for roughly 10% of the electric energy consumption worldwide 21 . Moreover, the success of large-eddy simulation (LES), which is an indispensable tool for scientific and engineering applications 5 , lies in its ability to correctly reproduce energy transfer among scales. Hence, a comprehensive analysis of the inter-scale energy transfer mechanism is indispensable for both physical understanding of turbulence and for conducting high-fidelity LES.
Substantial efforts have been directed toward the statistical characterization of interscale kinetic energy transfer using flow data acquired either by simulations or experimental measurements 17, 28 . By conditionally averaging the flow, previous works have revealed that kinetic energy fluxes entail the presence of shear layers, hairpin vortices, and fluid ejections/sweeps. However, further progress in the field has been hindered by the scarcity of flow information, which has been limited to a few velocity components and two spatial dimensions. Consequently, less is known about the underlying three-dimensional structure of the energy transfer, which is the focus of this work. 23 have also revealed flow patterns similar to those described above.
Previous numerical and experimental studies have helped advance our understanding of the spatial structure of energy transfer; however, they are limited to only two dimensions.
With the advent of the latest simulations and novel flow identification techniques 1, 10, 24, 25, 29 , the three-dimensional characterization of turbulent structures is now achievable to complete the picture. In the present study, we shed light on the three-dimensional flow structure associated with regions of intense energy fluxes in the most fundamental set-up for shear turbulence.
Shear turbulence at different scales
We examine data from the direct numerical simulation ( we use subscripts 1, 2, and 3 to refer to the streamwise, vertical, and spanwise directions, respectively, in which case repeated indices imply summation.
The kinetic energy of the filtered velocity, u i u i /2, obeys the equation obtained by lowpass filtering the momentum equation in the i-th direction and multiplying by u i . Then, the kinetic energy transfer among filtered and unfiltered scales is given by
Filtered quantities are calculated using an isotropic Gaussian filter for three filter widths, namely r f = 5.8η, r f = 23.3η, and r f = 60.0η, where η is the Kolmogorov length scale. (Fig. 2c) shows that the skewness factor of Π decreases monotonically with the filter size (from 6.54 to 0.73); i.e., the cascade process becomes more symmetric at larger scales. The intensity of rare events also decreases dramatically as a function of the filter size.
Spatial organization of the energy cascades
We study the spatial organization of three-dimensional structures of intense kinetic energy transfer. Individual structures are identified as a contiguous region in space satisfying
where x = (x, y, z), α > 0 is a threshold parameter, and Π rms is the standard deviation of Π. The value of α is chosen to be 1.0 based on a percolation analysis 27 ; however, similar conclusions are drawn for 0.5 < α < 2.0. By construction of Eq. (1), each individual structure belongs to either a region of forward or backward cascade, denoted by Π + and Π − , respectively. Examples of instantaneous structures for two different filter sizes can be seen in Fig. 2(a) and (b). In Fig. 2(b) , one individual structure of Π + is enclosed within the red box.
The spatial organization of Π + and Π − is studied through the three-dimensional joint p.d.f., p ij , of the relative distances between the individual structures of type i and j, where i and j refer to either Π + or Π − . The vector of relative distances is defined as
where
c is the center of gravity of one individual structure, and d (i) is the diagonal length of its bounding box (highlighted in red in Fig. 2b ). Only pairs of structures with similar sizes are considered in the computation of relative distances, 10,24,29 in particular, those satisfying
We also take advantage of the spanwise symmetry of the flow, and δ z is chosen to be positive toward the closest j-type structure.
Structures of Π + and Π − are preferentially organized size-by-size in the spanwise direction, as shown by the cross-section of p Π + Π − in Fig. 3(a) . The distribution of p Π + Π − is bi-modal along the vertical direction, with peaks lying almost symmetrically at δ y ≈ ±0.25. 
Coherent flow associated with the energy cascades
We characterize the three-dimensional flow conditioned to the presence of Π-structures.
We follow the methodology of Dong et al. 10 ; i.e., the flow is averaged in a rectangular domain whose center coincides with the center of gravity of the structures, x c , and its edges are r = (r x , r y , r z ) times the diagonal length d of the bounding box of each structure. The conditionally averaged quantity φ is then computed as
Hereafter, the results are for r f = 60η, but similar conclusions are drawn for the two other filters. We focus on the energy-transfer mechanism for structures with sizes larger than the Corrsin length-scale, d > L c , above which the mean shear dominates.
We inspect first the enstrophy structure surrounding the energy cascades. To this end, we compute the averaged enstrophy { ω}
where ω i is the vorticity, conditioned to structures of forward and backward kinetic energy transfer. As seen in Our results show that both upright and inverted hairpins are involved in the kinetic energy transfer. The flow representation promoted above differs from previous models in which upright hairpins dominate 7, 28 . Nonetheless, those studies were hampered by two-dimensional observations, whereas we have highlighted that a fully three-dimensional analysis is necessary to elucidate the actual enstrophy structure of Π. Individual inverted hairpins have been observed numerically and experimentally in homogeneous shear turbulence 19,36 and in channels flows 18 , and other investigations have linked Π + to U-shaped regions in the flow 11, 12, 16 akin to the inverted hairpin reported here. We have applied our method to the simplest shear turbulence, but nothing prevents its application to more complex configurations with rotation, heat transfer, electric fields, quantum effects, etc. Moreover, the characterization of the cascade presented in this study lacks dynamic information on how the kinetic energy is transferred in time between hairpins at different scales. Hence, our work is just the starting point for future investigations and opens new venues for the analysis of the time-resolved structure of the energy cascade.
METHODS

Database of homogeneous shear turbulence
We use statistically stationary, homogeneous, shear turbulence data from Sekimoto et al. 34 . 
After low-pass filtering Eq. (4) using an isotropic Gaussian filter with filter size r f , the equation for the filtered kinetic energy k = u i u i /2 is given by
Π MF is the kinetic energy transfer due to the interaction between the filtered and mean flow, and Π is the transfer between flow scales. We are concerned with Π, which represent the energy cascade.
Identification of regions of intense kinetic energy transfer
We define the Π-structures as connected regions satisfying |Π(x, y, z, t)| > αΠ rms , where Π(x, y, z, t) is the instantaneous point-wise kinetic energy transfer at point (x, y, z) and at time instant t. Connectivity is defined in terms of the six orthogonal neighbours in the Cartesian mesh of the DNS, and an object is classified as Π + or Π − accordingly to the value of the Π(x, y, z, t) in the volume enclosed by the interior of the structure. Each structure is circumscribed within a box aligned to the Cartesian axes, whose streamwise, vertical, and spanwise sizes are denoted by ∆ x , ∆y, and ∆ z , respectively. The diagonal of the bounding box is given by d = ∆ 2 x + ∆ 2 y + ∆ 2 z . The total number of structures used to compute the averaged flow field in Fig 5 and Fig. 4 is of the order of 10 3 . Almost all of the structures identified satisfy d > L c .
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